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The Banach operator ideal Kp of p-compact operators was introduced in [P.D. Sinha,
A.K. Karn, Compact operators whose adjoints factor through subspaces of p , Studia Math.
150 (2002) 17–33]. Let p 1 and let X be a closed subspace of an Lp(μ)-space. We show
that X has the approximation property if and only if for every Banach space Y , the lin-
ear space F(Y , X) of ﬁnite-rank operators is Kp-norm dense in Kp(Y , X), i.e., X has the
Kp-approximation property.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction and the main theorem
A Banach space X is said to have the approximation property (AP) if the identity map I X on X can be approximated by
ﬁnite-rank operators uniformly on every compact subset of X . By a well-known characterization due to Grothendieck [9,
Proposition 35] (see, e.g., [11, Theorem 1.e.4]), X has the AP if and only if for every Banach space Y , the subspace F(Y , X)
of the bounded linear ﬁnite-rank operators is ‖ · ‖-dense in the space K(Y , X) of the compact linear operators from Y to X .
Recalling that K = (K,‖ · ‖) is a Banach operator ideal, let us introduce the following natural version of the AP related
to an arbitrary Banach operator ideal A = (A,‖ · ‖A). We shall say that a Banach space X has the A-approximation property
if for every Banach space Y , the space of ﬁnite-rank operators F(Y , X) is ‖ · ‖A-dense in A(Y , X). Clearly, the K-AP is
precisely the AP. Very recently, for the Banach operator ideal Kp of p-compact operators, the Kp-AP was systematically
studied by Delgado, Piñeiro, and Serrano [5].
Let p  1 be a real number, and let p∗ denote the conjugate index of p (i.e., 1/p + 1/p∗ = 1). Following [20], a lin-
ear operator T : Y → X is said to be p-compact, i.e., T ∈ Kp(Y , X), if T (BY ), the image of the closed unit ball BY of Y ,
is contained in {∑n anxn: (an) ∈ Bp∗ } (where (an) ∈ Bc0 if p = 1) for some X-valued absolutely p-summable sequence
(xn) ∈ p(X). In this case, the ‖ · ‖Kp -norm of T is given by ‖T‖Kp = inf‖(xn)‖p , where the inﬁmum is taken over all
(xn) ∈ p(X) as above. By [20, Theorem 4.2] and [4, Proposition 3.15], Kp = (Kp,‖ · ‖Kp ) is a Banach operator ideal. It is
straightforward to verify that K1 ⊂ Kp ⊂ Kq ⊂ K whenever p  q.
In [5, Theorem 4.1 and Corollary 4.2], the Kp-AP was described for the closed subspaces of Lp(μ)-spaces (where μ is a
positive measure) through an approximation condition depending on p (see Section 2 below). The purpose of this note is to
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following result.
Theorem 1. Let p  1, and let X be a closed subspace of an Lp(μ)-space. Then X has the Kp-AP if and only if X has the AP.
Theorem 1 will be proven in Section 2. Section 3 contains applications of Theorem 1 to Saphar’s approximation properties
of order p and observations concerning the Banach operator ideal Kp of classical p-compact operators.
Our notation is standard. We denote by L,K, and F the operator ideals of bounded, compact, and ﬁnite-rank linear
operators, respectively. We write L(X) for L(X, X) and, similarly, F(X) for F(X, X). Other relevant notation can be found
in Section 3. We refer to the Lindenstrauss–Tzafriri and Ryan’s books [11] and [17] for the classical approximation properties
and to Pietsch’s book [13] for operator ideals (see also [17] for common operator ideals as N and, more generally, Np). Our
reference on the theory of tensor products is [17].
2. Proof of Theorem 1
In [5], the Kp-AP for the closed subspaces of Lp(μ)-spaces (where μ is a positive measure) was characterized as the
following variant of the approximation property depending on p, which was introduced and studied in [20]. Let p  1.
Following [20, Deﬁnition 7.1], a Banach space X is said to have the (p, p)-approximation property ((p, p)-AP) if for every
sequence (xn) ∈ p(X) and for every ε > 0, there exists S ∈ F(X) such that ‖(xn − Sxn)‖p < ε.
Thanks to Grothendieck’s characterization of compact subsets of X , as those sitting inside the closed convex hull of
some (xn) ∈ c0(X), it is clear that X has the AP if and only if for every (xn) ∈ c0(X) and ε > 0, there exists S ∈ F(X) such
that ‖(xn − Sxn)‖∞ < ε. It was remarked in [20] that the AP implies the (p, p)-AP for all p  1. In [5], it was proven that
the (p, p)-AP in turn implies the Kp-AP. One of the main results of [5] states that the converse holds for subspaces of
Lp(μ)-spaces.
Theorem 2. (See [5, Corollary 4.2].) Let p  1, and let X be a closed subspace of an Lp(μ)-space. Then X has the Kp-AP if and only if
X has the (p, p)-AP.
Our Theorem 1, which improves Theorem 2, is immediate from Theorem 2 and the following result which shows that
the (p, p)-AP is nothing else but the classical AP is disguise.
Proposition 3. Let p  1, and let X be a Banach space. Then X has the (p, p)-AP if and only if X has the AP.
Proof. By the well-known trace condition due to Grothendieck [9, Proposition 35] (see, e.g., [11, Theorem 1.e.4]), X has the
AP if and only if for every u ∈ X∗ ⊗ˆ X , we have trace u = 0 whenever trace Su = 0 for all S ∈ F(X).
Let Up = {u =∑n x∗n ⊗ xn ∈ X∗ ⊗ˆ X: (x∗n) ∈ p∗ (X∗), (xn) ∈ p(X)}. Then Up is a linear subspace of the projective tensor
product X∗ ⊗ˆ X . From the well-known description of X∗ ⊗ˆ X (see, e.g., [17, Proposition 2.8]), it is obvious that U1 = X∗ ⊗ˆ X .
We shall prove the following assertions:
(a) Up = X∗ ⊗ˆ X also for any p > 1,
(b) X has the (p, p)-AP, p  1, if and only if for every u ∈ Up , we have trace u = 0 whenever trace Su = 0 for all S ∈ F(X).
Then, by (a) and (b), the claim of Proposition 3 clearly holds.
For (a), let us consider any u ∈ X∗ ⊗ˆ X . Then u =∑n x∗n ⊗ xn , with x∗n ∈ X∗ and xn ∈ X satisfying
∑
n ‖x∗n‖‖xn‖ < ∞.
We may assume that ‖x∗n‖‖xn‖ 	= 0 for all n. If λn > 0 are any positive numbers, and z∗n = λnx∗n , zn = λ−1n xn , then u =∑
n z
∗
















Hence, (z∗n) ∈ p∗ (X∗) and (zn) ∈ p(X); therefore u ∈ Up . This proves (a).
Assertion (b) is essentially proven in [20, Theorem 7.4]. We include a considerably shorter proof for completeness.






p, T ∈ L(X).
This family generates a locally convex Hausdorff topology, say τp , on L(X). Following a similar pattern to the classical case
when p = ∞ and (xn) ∈ c0(X) (see, e.g., [11, the proof of Proposition 1.e.3]), we obtain the description of the dual space
(L(X), τp)∗ as follows: f ∈ (L(X), τp)∗ if and only if f has the form f (T ) = trace Tu, T ∈ L(X), where u ∈ Up .
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is equivalent to the condition that for every f ∈ (L(X), τp)∗ , one has f (I X ) = 0 whenever f (S) = 0 for all S ∈ F(X). By
the description of (L(X), τp)∗ , this exactly means that for every u ∈ Up , one has trace u = 0 whenever trace Su = 0 for all
S ∈ F(X). 
3. Applications, ﬁnal observations
3.1. Saphar’s approximation properties
We start with an application of Theorem 1 to Saphar’s approximation properties of order p. First of all, let us recall that,
by a well-known result due to Grothendieck [9, Proposition 35] (see, e.g., [17, p. 74]), a Banach space X has the AP if and
only if the natural surjection j from the projective tensor product Y ∗ ⊗ˆ X onto the space of nuclear operators N (Y , X) is
injective for all Banach spaces Y .
Let p  1, let gp be the Chevet–Saphar tensor norm, and let Np be the ideal of p-nuclear operators. A Banach space X
is said to have the AP of order p (APp) if the natural surjection from Y ∗ ⊗ˆgp X , the completion of Y ∗ ⊗ X in the tensor norm
gp , onto Np(Y , X) is injective for all Banach spaces Y . The study of the APp was initiated in 1970 by Saphar in his seminal
paper [18]. (In [19], quite exceptionally, the notion was given using the conjugate index of p.)
The AP implies the APp for all p (see [9, Chapter I, p. 95] or, for a detailed proof, [6, Proposition 1.5.4]), and the AP1
coincides with the AP (because ‖ · ‖g1 = ‖ · ‖π , the projective tensor norm, and N1 = N , the ideal of nuclear operators).
Saphar’s approximation properties APp are relatively well studied (see, e.g., [1], [12, Section 4], [14,16] for results and
references) and considered as classical by now.
Relying on a theorem of Saphar [19, Theorem 4], Delgado, Piñeiro, and Serrano [5] established the following relation of
the Kp-AP with Saphar’s approximation properties.
Proposition 4. (See [5, Corollary 2.5].) Let 1 < p < ∞, and let X be a Banach space. If X∗∗ has the APp , then X∗ has the Kp∗ -AP.
Theorem 1 and Proposition 4 yield the following characterization of the APp for quotient spaces of Lp(μ)-spaces.
Theorem 5. Let 1 < p < ∞, and let X be a quotient space of an Lp(μ)-space. Then X has the APp if and only if X has the AP.
Proof. As already mentioned, the AP implies the APp . If X = X∗∗ has the APp , then X∗ , being isometrically isomorphic to a
closed subspace of Lp∗ (μ), has the Kp∗ -AP. Hence, X∗ has the AP, and therefore also X has the AP. 
By a theorem of Reinov [15, Theorem 6.2], if a Banach space X has the APq for some q > 2, then X has the APp for all
p ∈ [2,q]. Using this, we immediately get from Theorem 5 the following result.
Corollary 6. Let p > 2, and let X be a quotient space of an Lp(μ)-space. If X has the APq for some q ∈ [p,∞), then X has the AP; and
therefore X has the APr for all r.
Remark 7. Theorem 5 and Corollary 6 extend [15, Theorem 6.4] and [15, Corollary 6.5], respectively, from p to Lp(μ).
Finally, concerning a special case of Proposition 4, let us point out an immediate corollary from Theorems 1 and 5, and
from the APs classics.
Corollary 8. Let 1 < p < ∞, and let X be a quotient space of an Lp(μ)-space. Then X has the APp if and only if X∗ has the Kp∗ -AP.
3.2. Classical p-compact operators
The Banach operator ideal Kp of p-compact operators considered in this paper is a recent notion, introduced in 2002
by Sinha and Karn [20]. There is another well-known notion of p-compact operators, which could be called classical. Since
the papers (see [2–5,20,21]) studying the Kp-operators have so far never compared the Kp-operators with their classical
counterpart, it seems to be reasonable to include some relevant observations here.
Let 1  p ∞, and let X and Y be Banach spaces. Following Fourie and Swart [7] or Pietsch [13, 18.3.1 and 18.3.2],
a linear operator T : Y → X is called p-compact, i.e., T ∈ Kp(Y , X), if there exist compact operators A ∈ K(Y , p) and
B ∈ K(p, X), where p is replaced by c0 in the case of p = ∞, such that T = B A. The ‖ · ‖Kp -norm of T is deﬁned by‖T‖Kp = inf‖B‖‖A‖, where the inﬁmum is taken over all possible factorizations of T as above. Then Kp = (Kp,‖ · ‖Kp ) is a
Banach operator ideal (see [7, Theorem 2.1]; this fact was essentially established by Johnson [10] already in 1971); see [7,8],
[13, 18.3], [16] for more results and references.
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N(∞,p,p∗) of (∞, p, p∗)-nuclear operators. This is a special case of the quasi-normed operator ideal N(r,p,q) = (N(r,p,q),
‖ · ‖N(r,p,q) ) of (r, p,q)-nuclear operators (see [13, 18.1.1, 18.1.2]).
From the deﬁnition of N(r,p,q) (see [13, 18.1.1]), it is obvious that F(Y , X) is ‖ · ‖N(r,p,q) -dense in N(r,p,q)(Y , X) for all
Banach spaces X and Y . Therefore, every Banach space has the N(r,p,q)-AP (it is also easy to see that every Banach space has
the A-AP whenever A is a minimal Banach operator ideal). In particular, every Banach space has the Kp-AP for all p ∈ [1,∞].
By now, it is well known that every space p , if p 	= 2, has a closed subspace failing the AP. According to Theorem 1, this
means that for every p 	= 2, there exists a Banach space failing the Kp-AP.
Concerning K2, it was proven in [5, Corollary 3.6] that every Banach space has the K2-AP. The proof in [5] uses a round-
about way, relying, among others, on Saphar’s result that every Banach space has the AP2, on Proposition 4, and on the
description of Kp (due to [4, Proposition 3.11]) as the surjective hull of the Banach operator ideal N(p,1,p) (which is often
denoted by N p and called the Banach operator ideal of right p-nuclear operators (see, e.g., [17, p. 140])).
Let us indicate an easy direct proof of the fact that every Banach space has the K2-AP. The proof goes as follows. It is
well known and easy to verify that N(2,1,2) coincides with its surjective hull, meaning that K2 = N(2,1,2) . As was mentioned
above, from this the desired claim is obvious.
The authors of [5] conclude their paper with the question whether there exists a Banach space with the Kp-AP but
failing the (p, p)-AP. Thanks to Proposition 3, the answer is “yes”. Indeed, let X be any Banach space failing the AP. This
means that X fails the (p, p)-AP for all p  1. But X has the K2-AP, since every Banach space has the K2-AP.
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